arxiv: 1003.6120 
AEI-2010-049 



Symmetries of Tree-level Scattering Amplitudes 
in M = 6 Superconformal Chern— Simons Theory 

Till Bargheer, Florian Loebbert, Carlo Meneghelli 

Max-Planck-Institut fiir Gravitationsphysik 
Albert- Einstein- Institut 
Am Miihlenberg 1, 144'^6 Potsdam, Germany 

{till , loebbert , carlojOaei .mpg.de 



Abstract 



Constraints of the osp(6|4) symmetry on tree- level scattering ampli- 
tudes in A/" = 6 superconformal Cliern-Simons theory are derived. 
Supplemented by Feynman diagram calculations, solutions to these con- 
straints, namely the four- and six-point superamplitudes, are presented 
and shown to be invariant under Yangian symmetry. This introduces 
integrability into the amplitude sector of the theory. 
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1 Introduction and Overview 

While the prime example of the AdS/CFT correspondence is the duality between four- 
dimensional A/" = 4 super Yang-Mills theory (SYM) and type JIB superstring theory on 
AdSs X |1|, another remarkable instance equates M = Q superconformal Chern-Simons 
theory in three dimensions (SCS) and type IIA strings on AdS4 x CP^ |2|. In the study 
of the spectrum on both sides of these two correspondences, the discovery of integrability 
3 -10 1 in the planar limit has been of crucial importance, and has lead to the belief that 
the planar theories might be exactly solvable. 

Exact solvability would suggest that integrability also manifests itself in the scattering 
amplitudes of the above theories. For the AdS5/CFT4 correspondence, this is indeed the 
case. Motivated by a duality between Wilson loops and scattering amplitudes in TV = 4 
SYM theory |11|, a dual superconformal symmetry of scattering amplitudes was found 
at weak coupling |12|. This dual symmetry can be traced back to a T-self-duality of 
the AdSs x string background |13, 14 1 (see also |15| for a review). In addition to 
the standard superconformal symmetry, the dual realization acts on dual momentum 
variables leaving all A/" = 4 SYM tree-level amplitudes invariant |16|. Integrability at 
weak coupling then arises as the closure of standard and dual superconformal symmetry 
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into a Yangian symmetry algebra for tree- level scattering amplitudes |17|. In fact, M = 
4 SYM tree-level amplitudes seem to be uniquely determined by a modified Yangian 
representation that takes into account the peculiarities of collinear configurations due to 
conformal symmetry |18-20|. There has also been remarkable progress on the application 
of integrable methods to the strong-coupling regime of scattering amplitudes in TV = 4 
SYM theory |21|. 

On the other hand, little is known about scattering amplitudes in the AdS4/CFT3 
correspondence. For Af = 6 SCS, so far only four-point amplitudes have been computed 
|22|. In particular, while some possibilities for T-self-duality have been explored |23|, no 
direct analog of dual superconformal symmetry was found for this theory. 

Given the perturbative integrability of the spectral problem of A/" = 6 SCS theory 
paralleling the discoveries in the AdS5/CFT4 case, and the recent findings on scattering 
amplitudes in the latter, it seems reasonable to search for integrable structures (alias 
Yangian symmetry) in A/" = 6 SCS scattering amplitudes. In the absence of a dual 
symmetry, a straightforward generalization of the developments in A/" = 4 SYM appears 
to be obscured. Even without a dual symmetry, however, a procedure to consistently 
promote certain standard Lie algebra representations to Yangian representations is well- 
known |24,25,17|. That is, Yangian generators that act on scattering amplitudes in a 
similar way as in A/" = 4 SYM can be constructed directly. However, a priori it is not 
true that invariants of the standard Lie algebra representation are also invariant under 
the Yangian algebra. Invariance of scattering amplitudes under the Yangian generators 
would be a manifestation of integrability. 

The standard 05p(6|4) symmetry of A/" = 6 SCS is realized on the tree-level amplitudes 
A^^^^ as a sum of the action of the free generators on the individual legs k, 

5i°Ur^ = E^iVn^' = 0- (1-1) 

k=l 

For scattering amplitudes in A^ = 4 SYM, as well as for local gauge invariant operators 
both in A/" = 4 SYM and in A" = 6 SCS, the Yangian generators Za"* at tree- level are 
realized according to the construction of |24,25|: They act as bilocal compositions of 
standard symmetry generators, 

5«-//^E4°]5S- (1-2) 

j<k 

Hence these are also natural candidates for Yangian symmetry generators for A/" = 6 
SCS scattering amphtudes. 

In this paper, the constraints of the osp(6|4) (level- zero) symmetry algebra on n-point 
scattering amplitudes are analyzed. The four- and six-point superamplitudes of A/" = 6 
SCS theory are given as solutions to these constraints, and are shown to be invariant 
under the Yangian (level-one) algebra constructed as described above. This introduces 
integrability into the amplitude sector of A" = 6 SCS theory. 
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Outline 



The paper is structured as follows: In Section 2, the kinematics for three-dimensional field 
theories are discussed, and momentum spinors are introduced. An on-shell superspace 
and the corresponding superfields for A/" = 6 SCS are presented in Section 3, where also 
color-ordering is discussed. The realization of the symmetry algebra 05p(6|4) in terms 
of the superspace variables is exhibited in Section 4, In Section 5 the invariants of this 
realization are studied. The four- and six-point tree-level superamplitudes are presented 
in Section 6, In Section 7, the realization of the 05p(6|4) Yangian algebra is analyzed and 
shown to be consistent by means of the Serre relations. Yangian invariance of the four- 
and six-point amplitudes is shown. Finally, our conventions as well as several technical 
details, including the computation of two six-point component amplitudes from Feynman 
diagrams, are presented in the appendix. 



2 Three-Dimensional Kinematics 

Momentum Spinors. The Lorentz algebra in three dimensions is given by so(2, 1) 
being isomorphic to st(2; M). Thanks to this isomorphism, an so (2, 1) vector equivalently 
is an st(2; M) bispinor. More explicitly, three-dimensional vectors can be expanded in a 
basis of symmetric matrices a'^, 

p"^ = Krv.= (^°;/' ^o'fpi), (2.1) 

and any symmetric 2x2 matrix p"-^ can be written as 

^ab ^ ^{a^b) _ ^2.2) 

By means of the identifications (2.1,2.2), the square norm of the vector p^^ equals the 
determinant of the corresponding matrix: 

= - det(p"*) = - {X'^Sabf^'Y . (2.3) 

In particular, this means that the masslessness condition = can be explicitly solved 

p"'' = A" A'' . (2.4) 

Given a massless momentum, the choice of A" in (2.4) is unique up to a sign being the 
manifestation of the fact that the group SL(2;]R) is the double cover of S0(2, 1). That 
the sign is the only freedom in the choice of A** is due to the fact that the little group 
of massless particles^ is discrete in three dimensions. For massive momenta on the other 
hand, the choice of A",/i" in (2.2) has an x U(l) freedom 

A"^cA% /i'^^/iVc, cgC\{o}. (2.5) 
^SO((i — 2) in d dimensions. 
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Lorentz 
SO(rf-l,l) 


Conforiiial 
S0(rf,2) 


Lightlike 
Momentum 


ijixxie 
Group 


Superconformal 
Group 


d=3 
d=4 

d=6 


SL(2 

SL(2 

SL(2 
~ SU 


M) 
C) 

e) 

*(4) 


SP(4;M) 
SU(2,2) 

S0*(8) 


pab ^ ^a^b 
pah ^ ^a^b 

pi^B] ^ SabX^'X''' 
P[AB] = ^abXAXs 


Z2 
U(l) 

SU(2)2 


OSP(Ar<8|4) 
(P)SU(2,2|A/'<4) 

OSP(8|2), OSP(8|4) 



Table 1: Spinor-helicity formalism and superconformal symmetry in various 
dimensions. 



In particular this contains the little group U(l) of massive particles^ in three dimensions. 

Some comments on reality conditions for A" are in order. Physical momenta are real; 
this means that A" can be either purely real or purely imaginary. For positive-energy 
momenta (p" > 0), A*^ is purely real, while it is purely imaginary for negative-energy 
momenta. Even for complex momenta, p"'' is expressed in terms of a single complex A 
as in (2.4). This seems very different to the four-dimensional case, where momenta can 
be written as 

pt, = X''X\ (2.6) 

and A" and A^ are independent in complexified kinematics. In Minkowski signature. A" 
and A^ are actually complex conjugate to each other. This is the origin of the holomorphic 
anomaly |26|. Looking at (2.4), nothing similar appears to happen in three dimensions 
if one imposes the correct reality conditions. 

It is worth noting that the existence of a spinor-helicity framework in a certain di- 
mension is intimately connected to the existence of superconformal symmetry in that 
dimension, cf. Table 1, For the six-dimensional case the spinor-helicity formalism has 
been recently applied to scattering amplitudes in |27|. 

Kinematical Invariants. In terms of momentum spinors, two-particle Lorentz invari- 
ants can be conveniently expressed as 

= -i(12)' , {jk) := X^e,,Xi . (2.7) 

It is easy to count the number of (independent) Poincare invariants that can be built out 
of n massless three-dimensional momenta. Every spinor carries two degrees of freedom 
resulting in 2n variables for n massless momenta. The number of two-particle Lorentz 
invariants one can build from these is 2n — 3, where 3 is the number of Lorentz generators. 
This can be explicitly done using Schouten's identity 

{kl){tj) + {H){jl) + {kj){U) = 0. (2.8) 

Finally, total momentum conservation imposes three further constraints, such that the 
number of Poincare invariants is 2n — 6. Note that for n = 3 there is no Poincare 
invariant, even in complex kinematics. 

^SO{d — 1) in d dimensions. 



5 



One-Particle States. One-particle states are solutions of the linearized equation of 
motion. This equation is an irreducibility condition for the representation of the Poincare 
group. For massless particles, these Poincare representations are lifted to representations 
of the conformal group SO((i, 2). Once again, the existence of the spinor formulation in 
three dimensions makes it possible to explicitly solve the irreducibility condition. 

For scalars, the irreducibility condition is trivially satisfied by an arbitrary function 
of the massless momentum: 

p20(pab) =0 (P^p"^) = (PiX'^X^) . (2.9) 

For fermions, the irreducibility condition is given by the Dirac equation, which forces 
the fermionic state to be proportional to EabX'^, 

p-'^,{p-d.) ^ Q ^ iZ>,(p^'^) = £,,AV(A^A'^) . (2.10) 

Thus when A° changes its sign, the scalar state is invariant, while the fermionic state 
picks up a minus sign. Once again, this just corresponds to the fact that fermions are 
representations of Spin(2, 1) ~ SL(2;]R), which is the double cover of S0(2, 1). Put 
differently, 

exp(^z7rA"— )|State) = (-l)-^|State) , (2.11) 

where J-" denotes the fermion number operator. 

It is worth mentioning that these representations of the conformal group SO(3,2) ~ 
Sp(4, M) have a long history. They go back to Dirac |28| and were particularly studied 
by Flato and Fronsdal in an ancestor form of the AdS/CFT correspondence |29). 



3 Superfields and Color Ordering 

Field Content. The matter fields of = 6 superconformal Chern-Simons theory 
comprise eight scalar fields and eight fermion fields that form four fundamental multiplets 
of the internal su(4) symmetry: 

0^(A), 0^(A), ijAW, ^^(A), A €{1,2,3,4}. (3.1) 

The fields (p^ and ipA transform in the (N,N) representation, while (pA, i'^ transform in 
the (N, N) representation of the gauge group U(A^) x U(A^).^ The former shall be called 
"particles", the latter "antiparticles" . In addition, the theory contains gauge fields A^, 
Afj, that transform in (ad, 1), (l,ad) representations of the gauge group. The gauge 
fields however cannot appear as external fields in scattering amplitudes, as their free 
equations of motion d[^A^j = = di^A^-] do not allow for excitations. 

^N: Fundamental representation of \J{N), N: Antifundamental representation of V{N). 
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Superfields. For the construction of scattering amplitudes, it is convenient to employ a 
superspace formalism, in which the fundamental fields of A/" = 6 superconformal Chern- 
Simons theory combine into superfields and supersymmetry becomes manifest. In A/" = 4 
SYM, the fields (gluons, fermions, scalars) transform in different representations of the 
internal symmetry group. Thus in the superfield of A/" = 4 SYM, the fields can be 
multiplied by different powers of the fermionic coordinates rj^ according to their different 
representation. Internal symmetry, realized as '^^b ~ rj^d/dr]^, is then manifest. All 
particles in A/" = 6 SCS form (anti)fundamental multiplets of the internal 5u(4) symmetry. 
Thus an analogous superfield construction, i.e. one in which R-symmetry only acts on the 
fermionic variables, seems obstructed for this theory. Nevertheless, by breaking manifest 
R-symmetry, one can employ A/" = 3 superspace, in which the fundamental fields combine 
into one bosonic and one fermionic superfield with the help of an su(3) GraBmann spinor 

<PiA) = 0^(A) + v''M>^) + ^^ABcr/ V^'^IA) + ^£ABcr/ V^''^4(A) , 

§{A) = ^\X) + v^M^) + |£ABcA''V^''(A) + |f£AiJcr7V^''04(A) . (3.2) 

Here and in the following, A is used as a shorthand notation for the pair of variables 
(A, r/). Introducing these superfields amounts to splitting the internal su(4) symmetry 
into a manifest u(3), realized as DI'^b ~ rj^d/dr]^, plus a non-manifest remainder, realized 
as multiplication and second-order derivative operators. For the complete representation 
of the symmetry group on the superfields, see the following Section 4, 

Using the superfields, scattering amplitudes conveniently combine into superampli- 
tudes 

X = A(^i,^2,^3,...,^n), <Pk ■■= <^iAk) . (3.3) 

Component amplitudes for all possible configurations of fields then appear as coefficients 
of An in the fermionic variables i]^, . . . ,1]^. 

Color Ordering. In all tree-level Feynman diagrams, each external particle (antiparti- 
cle) is connected to one antiparticle (particle) by a fundamental color line and to another 
antiparticle (particle) by an antifundamental color line.'^ Tree-level scattering amplitudes 
can therefore conveniently be expanded in their color factors: 

O" £ (S„/2 X S„/2)/C„/2 

Here, the sum extends over permutations a of n sites that only mix even and odd sites 
among themselves, modulo cyclic permutations by two sites. By definition, the color- 
ordered amplitudes An do not depend on the color indices of the external superfields. 
The total amplitude An is invariant up to a fermionic sign under all permutations of 
its arguments. Therefore the color-ordered amplitudes An are invariant under cyclic 
permutations of their arguments by two sites, 

An{A,, ...,An,A,, A2) = (-l)("-^)/U„(.li, ...,An), (3.5) 

^This implies in particular that only scattering processes involving the same number of particles and 
antiparticles are non-vanishing. 
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where the sign is due to the fact that <P is bosonic and ^ is fermionic. While the 
color-ordered component amplitudes can at most change by a sign under shifts of the 
arguments by one site.^ the superamplitude An might transform non-trivially under 
single-site shifts, as the definition of An{Ai, . . . , An) in (3.4) implies that /lodd/even belong 
to bosonic/fermionic superfields. 

For the color-ordered amplitudes An, the superanalog of the condition (2.11) takes 
the form 

expzvr(A^A + = (-l)'A. (3.6) 

Note that this local constraint looks similar to the (local) central charge condition in 
four dimensions. Moreover, expi7r(A^^ + Vk]^) central for the osp(6|4) realization 
given in the next Section 4, 

Note that the above color structure (3.4) is very similar to the structure of quark- 
antiquark scattering in QCD, see e.g. | 30] . 



4 Singleton Realization of os|3(6|4) 

The osp(6|4) algebra is spanned by the 5p(4) generators of translations Lorentz 
transformations special conformal transformations and dilatations T), by the 
5o(6) R-symmetries IH^^, ^I^b and fH^s as well as 24 supercharges H*^^, H^a, ©a^ and 
&aA- Here we use s[(2) indices a,b, . . . = 1,2 and su(3) indices A,B,... = 1,2, 3. As 
mentioned above, the internal so (6) symmetry is not manifest in this realization of the 
algebra. The generators 9^ab and Dl"^^ are antisymmetric in their indices, while dl^B 
does contain a non- vanishing trace and thus generates su(3) + u(l). Hence, in total we 
have 15 independent R-symmetry generators corresponding to so (6) ~ su(4), cf. also 
Figure 1, 

Commutators. The generators of osp(6|4) obey the following commutation relations: 
Lorentz and internal rotations read 

= +str - '^s^tT , [^\^c\ = -s^Zb + is^b^c , (4.1) 

[^^B, ^^'^i = , [^^B, :ic] = , (4.2) 

P^AB, = 5g5A - S^^^B , m^^, 5c] = - ^C^"" • (4.3) 

Commutators including translations and special conformal transformations take the form 
[Aab, ^^=1 = S^il'a + + S^Xb + + 25i5lT) + 25XD , (4.4) 



[^'^^ 6m] = - , [Kb, n^] = 61G,A + ^l&aA , (4.6) 

single-site shift amounts to exchanging the fundamental with the antifundamental gauge group, 
which equals a parity transformation in A/" = 6 SCS [2 . 
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D 

I 1 1 1 1 ^ 

-2-10 1 2 

Figure 1: The generators of osp(6|4) can be arranged according to their dilata- 
tion charge and their u(l) charge under 'iPf' c- 

while the supercharges commute into translations and rotations: 

{H'^^, = 5iT' , {GaA, 6f } = S^Sia, , (4.7) 

{H'^^, &,b} = - + S^5^^ , {H'^^, ©f } = , (4.8) 

{n^, 6f } = 5f £^ + + 6i6^,T) , {H^, 6,b} = -S^t'^AB • (4.9) 

Furthermore the non-vanishing dilatation weights are given by 

= +^''\ [D,n'^^] = +^0^^^, [D,n^] = (4.10) 

[^,Siab] = -^ab, [D,6^] = -^6^ [2),©,^] = -|6aA. (4.11) 

All other commutators vanish. Note that in contrast to the psu(2, 2|4) symmetry algebra 
of A/" = 4 SYM theory, all fermionic generators are connected by commutation relations 
with bosonic generators. 

Singleton Realization. The above algebra osp(6|4) can be realized in terms of the 
bosonic and fermionic spinor variables A'* and introduced in Sections 2 3, Acting on 
one-particle states the representation takes the form (cf. also |31|, used in the present 
context in |7,32|): 







= A"A^ , 






= dadb , 


VH^^ = r^^r^B ^ ^A^ ^ ^Aq^ _ 


2°B 5 





n^ = A»9A, GaA = dadA. (4.12) 
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For a general discussion of representations of this type, cf. Appendix A, The multi- 
particle generalization of these generators at tree-level is given by a sum over single- 
particle generators (4.12) acting on each individual particle k, i.e. 



n 




single 
a,k ' 



G 05p(6|4). 



(4.13) 



k=l 



As opposed to psu(2,2|4), the symmetry algebra of TV = 4 SYM, the algebra 05p(6|4) 
cannot be enhanced by a central and/or a hyper-charge. Since in A/" = 4 SYM theory 
the hyper-charge of psu(2, 2|4) measures the helicity, this can be considered the algebraic 
manifestation of the lack of helicity in three dimensions. Still we can define some central 
element like in (3.6). 

5 Constraints on Symmetry Invariants 

We are interested in the determination of tree-level scattering amplitudes of n particles in 
J\f = 6 SCS theory. These should be functions of the superspace coordinates introduced 
in Section 3 and be invariant under the symmetry algebra osp(6|4) of the A/" = 6 SCS 
Lagrangian. In order to approach this problem, this section is concerned with the sym- 
metry constraints imposed on generic functions of n bosonic and n fermionic variables A" 
and rjf, respectively. That is, we study the form of invariants In{K, Vi) under the above 
representation of osp(6|4). It is demonstrated that requiring invariance under the sym- 
metry reduces to finding so (6) singlets plus solving a set of first-order partial differential 
equations; the latter following from invariance under the superconformal generator &. 
Invariance under all other generators will then be manifest in our construction. 

Due to the color decomposition discussed in Section 3, scattering amplitudes are 
expected to be invariant under two-site cyclic shifts. Since the generators given in the 
previous section are invariant under arbitrary permutations of the particle sites, they do 
not impose any cyclicity constraints. Those constraints as well as analyticity conditions 
are important ingredients for the determination of amplitudes, but are not studied in the 
following. Note that apart from assuming a specific realization of the symmetry algebra, 
the investigations in this section are completely general. In Section 6, we will specialize 
to four and six particles and give explicit solutions to the constraints. The following 
discussion will be rather technical. For convenience, the main results are summarized at 
the end of this section. 

Invariance under sp(4). The subalgebra 5p(4) of osp(6|4) is spanned by the genera- 
tors of translations ^i""^, Lorentz transformations special conformal transformations 
^ab and dilatations D. Invariance under the multiplication operator = A"A^ con- 
strains an invariant of sp(4) to be of the form 



where P*^* = Yl^=i ^i^t overall momentum and G(Aj, rji) some function to be 

determined. The momentum delta function is Lorentz invariant on its own so that 
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G{Xi, rji) has to be invariant under as well. As 6^{P) has weight —3 in P, dilatation 
invariance furthermore requires that '^^=1 ^t^kaG = (6 — n)G. We will not specify any 
invariance condition for the conformal boost here, since invariance under will follow 
from invariance under the superconformal generators &aA, ©f using the algebra. 

Invariance under £3 and Invariance under the multiplicative supermomentum 
£^aA rgq^irgg ii^Q invariant to be proportional to a corresponding supermomentum 
delta function: 

In{\^,V^) = 5' iP)5%Q)F{\„ T],) , (5.2) 

where one way to define the delta function is given by 

n 

s\Q)= n Q^^=T.^^'^f- (5.3) 

a=l,2 i=l 
A=l,2,3 

Again, the function -F(Aj, rji) should be Lorentz invariant, and dilatation invariance im- 
phes 

n 

J^KdkaF = -nF. (5.4) 

k=l 

Invariance under the second momentum supercharge will follow from R-symmetry, 
but will also be discussed in (5.19). 

In order to construct a singlet under the multiplicative R-symmetry generator Dl"^^ = 
Sr=i vfvF might want to add another delta function "(5(-R)" to our invariant. 
Things, however, turn out to be not as straightforward as for the generators *P and 
n. As a function of the bosonic object Vl^^ made out of fermionic quantities, "5(i?)" is 
not well defined. 

We first of all note that invariance under the u(l) R-symmetry generator 

D^^'c = V^dc - |n (5.5) 

fixes the power m of GraBmann parameters rj in the n-leg invariant /,„ to 

m = ^n. (5.6) 

Hence, increasing the number of legs of the invariant by 2 increases the GraBmann 
degree of the invariant by 3 (remember that amplitudes with an odd number of external 
particles vanish). This is a crucial difference to scattering amplitudes in = 4 SYM 
theory. As a consequence, the complexity of amplitudes in M = 6 SCS automatically 
increases with the number of legs. There are no simple MHV-type amplitudes for all 
numbers of external particles as in the four-dimensional counterpart. Rather, the n-point 
amplitude resembles the N*^'^~^)/^MHV amplitude in A/" = 4 SYM theory (being the most 
complicated) . 

We can ask ourselves what happens to the R-symmetry generators in the presence 
of 6^{P)5^{Q). To approach this problem, we introduce a new basis for the fermionic 
parameters rjf: 
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That is we trade n anticommuting parameters r/"^ for n = 2 x (n — 4)/2 + 4 new fermionic 
variables. The new quantities are defined as 

n n 

aj := x+ ■ r^^ = ^x+r/,^, Pj := Xj ■ = J^Xj^vf, (5.8) 

i=l i=l 

n 

Y-^:=y-.r^^ = J2ytvf, (5-9) 

i=l 

where the coordinate vectors x^^{\k) and yliXk) express the new variables aj, /3j and 
in terms of the old variables rji. At first sight, introducing this new set of variables might 
seem unnatural. It will, however, be very convenient for treating invariants of 05p(6|4) 
and appears to be a natural basis for scattering amplitudes in M = 6 SCS theory. 

In order for the new set of GraBmann variables (5.7) to provide n independent pa- 
rameters, the coordinates have to satisfy some independence conditions. Since the two 
variables Q"^ are given by the coordinate n-vectors Af for a = 1, 2, a natural choice are 
the orthogonality conditions 

x^-X' = 0, y''-X' = e''\ i/'^-x± = 0, (5.10) 

where the dot ■ represents the contraction of two n-vectors as in (5.8,5.9). For convenience 
we furthermore choose the following normalizations 

a:^x^=0, x]-x-j=6ij, ■ = 0. (5.11) 

Given such that A" ■ A^ = 0, (5.10) and (5.11) do not fix x^ and uniquely. The 
leftover freedom can be split into an irrelevant part and a relevant one. The irrelevant 
freedom is 

4 ^ 4 + vtiXl y'^^y'^ + wW (5.12) 

where and w are functions of A. The freedom expressed in (5.12) is nothing but the 
freedom of shifting the fermionic variables defined in (5.8,5.9) by terms proportional to 
Q"^. In the presence of 5^{Q) this freedom is obviously irrelevant. The relevant freedom 
corresponds to A-dependent 0(r2 — 4) rotations of Appendix B for more details. 

We can now explicitly express rji in terms of the new parameters, 

(n-4)/2 ("-4)/2 

Vf= E ^~M^<+ E xtuPM-eatytQ'^ + eabXtY'^. (5.13) 

M=l M=l 

Since for general momentum spinors A" obeying overall momentum conservation the two 
operators 

(n-4)/2 

^ij= Yl = EabXliV';), (5.14) 

J=l 

define projectors on the x^ and X-y subspace, respectively, the statement that the new 
variables span the whole space of GraBmann parameters can be rephrased as 

{n-4)/2 

j=i 
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Here (..) denotes symmetrization in the indices, whereas [..] will be used for antisym- 
metrization in the following. Equation (5.15), however, only represents the coordinate 
version of rewriting the multiplicative R-symmetry generator in terms of the new pa- 
rameters: 



/ (n-4)/2 

5%P)DK^^ = 5%P) Y: Vfvf = SHP) Y1 + ^a^.Q^^^Y^''^ ] ■ (5-16) 

i=i \ j=i 



Introducing the new set of variables {a, P, Q, Y} was originally motivated by this rewrit- 
ing. In particular, we now find that the R-symmetry generators further simplify under 
the supermomentum delta function 

{"-4)/2 

S%P)S''{Q)m^'' = S\P)S%Q) (^ff^J^- (5-17) 

j=i 

In order to investigate the properties of the unknown function F in (5.2) 

IniK a, /3, Y, Q) = 6%P)6'^{Q) F(A„ a, (3, F, Q) (5.18) 

in terms of the new fermionic variables, we act with 0.\ on the invariant and use the 
properties of x^, y"" and A° under the momentum delta function to obtain 

ilVn = -5\P)5\Q)e'^'^. (5.19) 

Since 0.\ invariance forces this to vanish, the F-dependence of F is constrained to 

dF 

g^-Q- (5.20) 

All terms of F proportional to Q vanish in (5.18) such that under S^{Q) we find 

F = F{Xi,a,f3). (5.21) 

This guarantees invariance under H^. Hence, introducing the new set of fermionic vari- 
ables and making use of H*^^ and £3^ invariance, we fixed the dependence of the invariant 
on 12 of the GraBmann variables. Rewriting the R-symmetries in terms of the new vari- 
ables we obtain the conditions 

(n-4)/2 

m^^Ir. = 6\P)6\Q) J2 «If/3?i^(A.,«,/3) = 0, 

j=i 

(n-4)/2 

mABln = S'{P)S%Q) Y , \A^,B^ nK.a,P) = Q. (5.22) 

j=i da'j dPj' 

Note that since a, (3 are independent of Q, these equations equivalently have to hold 
in the absence of the supermomentum delta function. Solutions to these equations for 
n = 6 will be given in Section 6, Invariance under 

^'B-t{^.il,^P^^-si) (5.23) 
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follows from (5.22) using the algebra relations (4.3). For more details on the solutions 
to these equations, see Appendix B (cf. also |31|). 

The analysis up to here concerns only the super-Poincare and R-symmetry part of 
osp(6|4). Since this part of the symmetry is believed to not receive quantum corrections, 
the considerations up to now are valid at the full quantum level. 



Invariance under &. In this paragraph we consider the implications of S-invariance 
on the function /„. This is the most involved part of the invariance conditions in this 
section and will imply invariance under the conformal boost by means of the algebra 
relation {&aA,&b} = S^^ab- We apply the generator &^ to the invariant /„ after 
imposing invariance under £, 2), £1 and as above: 



(5.24) 



Expressing the R-symmetry generator in terms of the parameters a and /3 



J=l 



(5.25) 



the first term vanishes by means of (5.22). Using Q''^d5^{Q) /dQ'^^ = 5'^S^S^{Q), we can 
rewrite this as 

6f/„ = 5-'iP)5\Q){2e,aY''' + 6^)F, (5.26) 
and express the second term in this sum in the form of 



n {rt-4)/2 

®a ^ = E E 

j,k=i j=i 



dxjj d dxj- d 



+ 



Ji 



F + v^-Fa. 



(5.27) 



Here we have defined the partial derivative of F as 

dF{X,a,/3) 



F 



(5.28) 



o,p=const 



If we now expand r]i in (5.27) in terms of the new fermionic basis (5.13) and use the 
conditions (5.10,5.11), the first term in (5.26) cancels and the invariance condition for 
the S-symmetry takes the form of a differential equation for the unknown function F: 



(n-4)/2 f (n-4)/2 



a 



J=l k M,N=1 



(5.29) 



+ WmZ 

Here we have defined for convenience 



MNJa ~<~ '^M^MNJaJ^N g^B 



B 



d 



F+{x-j-Fa) aj + {{a,+)^{(3,-)} 



7±±± 
^MNJa 



•^Mk-^Nj ■ 

j,k=l 
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(5.30) 



Once the differential equation (5.29) is satisfied, invariance under &aA follows from the 
commutation relations of osp(6|4). While this equation is trivially satisfied for n = 4, 
we will give explicit solutions to it for n = 6 in Section 6, 

Summary. To summarize the previous analysis, a general ?7,-point invariant /„ of the 
superalgebra can be expanded in a basis of R-symmetry invariants -Fn,fc; j 

K 

In = 6\P) 6%Q) fn,kWFn,k , (5.31) 

k=l 

where a priori some fn,k{^) could be zero. The number K of basis elements Fn^k is given 
by the number of singlets in the representation (4 © 4)® ("-4)^ Appendix B. We have 
introduced a new basis {aj, (3i,Y,Q} for the fermionic superspace coordinates. Using 
invariance under £1°-^ and these are very helpful to fix the dependence of the invariant 
on 12 of the GraBmann variables: The basis elements -F„ ^ are functions only of the 
ra — 4 GraBmann spinors a^, (3^, . . . , C('^n-4)/2^ '^(n-4)/2' multiplied by the supermomentum 
delta-function S^{Q). They have to satisfy the invariance conditions (5.22). In particular 
this implies, via the u(l) R-charge (5.5), that they have to be homogeneous polynomials 
of degree 3(n — 4)/2 in the {ai,Pi} variables. This is very different than in A/" = 4 
SYM, where the n-point amplitude is inhomogeneous in the fermionic variables, and 
the coefficients of the lowest and highest powers (MHV amplitudes) have the simplest 
form. Here, the n-point amplitude rather resembles the most complicated (N^'^'^^/^MHV) 
part of the Af = 4 SYM amplitude. When expanding a general invariant in the basis 
{Fn,k}, the momentum-dependent coefficients must be Lorentz-invariant and are further 
constrained by the S-invariance equation (5.29). The analysis of that equation for general 
n is beyond the scope of the present paper. One would have to analyze whether and 
how the basic R-symmetry invariants mix under (5.29). Moreover, the invariants 
Fn^k transform into each other under a change in the choice of {«/, /?/} (for more details 
see Appendix B). One nice thing of (5.29) is that it expands into a set of purely bosonic 
first-order differential equations. 

6 Amplitudes for Four and Six Points 

After the general analysis of osp(6|4) n-point invariants in Section 5, the simplest cases 
n = 4 and n = 6 are discussed in this section. 

Four-Point Amplitude. After imposing (super) momentum conservation via the fac- 
tor 6'^{P) S^{Q), invariance under the u(l) R-charge (5.5) already requires the four-point 
superamplitude to be of the form 

A, = S'iP)6%Q)fiX), (6.1) 

^More precisely, the quantities Fn^k have to be muhiphed by S^{Q) in order to be actual R-syninietry 
invariants. In a slight abuse of notation, we refer to the i^n,fe themselves as R-symmetry invariants. 
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where /(A) is a Lorentz-invariant function of the with weight —4. A4 then trivially 
satisfies the R- and S-invariance conditions (5.22,5.29) and as a consequence is osp(6|4) 
invariant. A field-theory computation |22| shows that indeed the superamplitude is given 

_ 6%P) 6%Q) _ 6\P) 6%Q) 
' (21) (14) -(23) (34) ' ^ ' 

where we neglect an overall constant. For later reference, we state the component am- 
plitudes for four fermions and for four scalars: 



6'jP){l^ 4 U4 T .4 T ^ '^^(^)(24)^ 

(6.3) 



A^^ ■= A^iip^, ip^, ipi, ip'^) = , := Ai^^ , (/.4, 



Six-Point Invariants. In the case of six points, there is only one pair of fermionic 
variables a, /3. The space of R-symmetry invariants in these variables is spanned by the 
two elements (cf. Appendix B) 

6\a) = ^.EABcOi^a^a^ = a^a^a^ , 6^{P) = I^eabcP^P^P^ = P^P^P^ ■ (6.4) 

Thus the most general six-point function that is osp(6|4) invariant is given by 

h = 6%P) 6%Q) (/+(A) 6%a) + /"(A) 6%P)) , (6.5) 

where a = ■ r], P = x~ ■ r] and satisfy (5.10,5.11). In order to be Lorentz-invariant, 
the functions /^(A) must only depend on the spinor brackets (2.7). For being invariant 
under the dilatation generator (5.4), they furthermore must have weight —6 in the A^'s. 
Finally, they have to be chosen such that invariance under &^ is satisfied. As there is 
only one pair of x^ in the case of six particles, many of the quantities Z^^^ defined in 
(5.30) vanish. Namely, = = Z'^^, as can be seen by acting with ■ d/dX"" on 

= • (5.11 ). The &^ invariance equation (5.29) thus reduces to 

= S'iP) 6'{Q)(^{x+ ■ ^ - 3Zt^-r)p^6'{a) + {(a,+ ) ^ {p- )}) . (6.6) 

Invariance under is therefore equivalent to 




For given x^, this eliminates one functional degree of freedom of which generically 
depends on 2n — 6|„=6 = 6 kinematical invariants (cf. Section 2). 

^The two expressions are equal due to the identity 5'^{P){2\P\4) = 5'^{P){{2l){U) + (23) (34)). 
Note that we could also write Aa = i sgn((12) (14))(53(p) ^6(q)/^(i2)(23)(34)(41), which seems more 
natural comparing to MHV amplitudes in A/" = 4 SYM theory. Then, however, one has to deal with the 
sign factor such that we decided not to use this square root form of the four-point amplitude. 
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Six-Point Amplitude. It appears very hard to find a solution to (6.7) directly. More- 
over, a solution would not fix the relative constant between the two terms of (6.5). In 
order to obtain the six-point superamplitude, one thus has to calculate at least one 
component amplitude from Feynman diagrams. With two component amplitudes, the 
invariant (6.5) can be fixed uniquely, without having to solve (6.7).^ The latter can 
then be used as a cross-check on the result. It is reasonable to compute the ampli- 
tudes Aq^ = AQ{ip4,ijj'^,ilj4,ip'^,i/j4,ip^) and = AQ{<f>^,4'4j4>^y4'4:y4>'^y4>4,)y these have 
relatively few contributing diagrams. 

To obtain the component amplitudes Aq^ and Aq,/, from the superamplitude Aq, one 
has to extract the coefficients of fjffj^ril and rj^rHrH, respectively, in the expansion of 
(6.5 ). The GraBmann quantities rjf appear in expressions of the form 

5\r^''-e) = 5\Q)5\a), (6.8) 

where we introduce tf = (A", x^) (so a = 1, 2, 3). The rifrj^rjl term in (6.8) is proportional 
to ' 



det I t] t] t] I =det I A] \] x] I = + (jA;)a;+ + (A;^)a;+)'. (6.9) 

In this way one can extract from (6.5) rather simple expressions for the component 
amplitudes in terms of x^: 

Aev, = ((13)4 + (35)4 + (51)4) V+ + ((IS)^^ + (35)a;r + (51)x3-)'/- , 

A^^ = ((24)x+ + (46)x+ + (62)x+) V+ + ((24)x6 + (46)x2 + (62)^4 • (6.10) 

As shown explicitly in Appendix C, the equations (6.10) indeed determine and can 
be rewritten as 

- zf+ + z f , 



















'I 


1 = det j 










tl) 






A?. 4/ 



-(Pl +P3+P5)V2) 



3/2 



zr-z-'f-. (6.11) 



-(Pl+P3+P5)V2) 



3/2 



where s is an undetermined sign and both s and z are functions of A. The functions s, z 
parametrize the relevant 0(2) freedom in the choice of x^ mentioned below (5.12) and 
discussed in Appendix B. z can obviously be reabsorbed in the definition of the sign 
s corresponds to the interchange of /"'' with /~. 

Using the explicit form of A^^p and Aq^ obtained from a Feynman diagram com- 
putation in Appendix D, the equations (6.10) determine /^(A) and thereby the whole 
six-point superamplitude: 

A = S%P)6%Q){f+{\)6%a) + f-{\)6%(3)) . (6.12) 



^This was noted already in |22j 
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We do not state /^(A) here, as their form is not very illuminating. Note that an explicit 
six-point solution of (5.10^5.11) for is given by 



X, = — ^Siik — , i,i,k odd, 

' 2V2 'V(13)2 + (35)2 + (51)2' 

I ±i (jk) 

That the resulting superamplitude indeed satisfies the invariance condition (6.7) can be 
seen by symbolically evaluating the latter and plugging random numerical momentum- 
spinors on the support of S{P) into the result. In fact, as can be seen already in (6.6), 
invariance implies that the two terms 

5%P) 5%Q)r{\) 5%a) , 5\P) 5^(Q)/"(A) 5%^) (6.14) 

are separately S-invariant. 

Factorization and Collinear Limits. There is a general factorization property (see 
e.g. 1 33 1) that any color-ordered tree-level scattering amplitude has to satisfy as an in- 
termediate momentum Pi^ = Pi + ■ ■ ■ + Pk goes on-shell:^j 



i„(l,...,n) ''^V Yl i±^f''^Ak+i{l,...,k,\)An-k+i{±iKk + l,...,n). (6.15) 

int. part, p 

Here An = A„5^(P) and A'' is defined by the equation A"A^ = Pf^, while J^p denotes the 
fermion number of particle p. The freedom in the choice of the sign of A" is compensated 
by the term (±1)-^^. We sum over all internal particles such that the amplitudes on 
the right hand side of (6.15) are non- vanishing. Finally, the power 2 of 1/Pik in (6.15) 
follows from dimensional analysis, keeping in mind that 

[^n] mass dim. ~ ^ ~ 2^' (6.16) 

The purpose of this paragraph is to consider (6.15) using the explicit expressions for the 
component amplitudes A4^, A/^^ (6.3) and Aq^, Aq^ (6.10) and check for consistency. 
In particular, since in the theory under study only amplitudes with an even number of 
legs are non-vanishing, A2n should be finite in the generic factorization limit of an even 
number of legs, i.e. have no pole in Pi2k- 

For the four-point amplitude we can distinguish two cases for the two-particle fac- 
torization (= collinear) limit. Using momentum conservation we have (pi + p2 +^3)^ = 
p\ = 0. If we take P^^ 0, i.e. A" = xAf for some constant x, this gives 

= {pi+P2+ PsY = 2(1 + x^)p2 ■ Ps- (6.17) 



^Since we are dealing with cyclically invariant amplitudes, there is no loss of generality in this choice 
of momenta. 
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Figure 2: Generic collinear (||) and factorization (P^ — )• 0) limits of the six 
point amplitude. 



For generic x, this equation imphes P2 ■ Ps = 0, yielding that all momenta are collinear 
and therefore all kinematical invariants vanish, (jk) ~ (12), i.e. 



^4 ~ (12) for (12) ^ 0. 
On the other hand (6.17) is satisfied if x = ±i or in other words^ 

Pl+P2= 0, P3+P4= 0. 



(6.18) 



(6.19) 



For this special momentum configuration A4 does not vanish in the two-particle collinear 
limit, but is singular. 

For the six-point amplitudes there are two different limits to be considered:^ 

• k = 3: (pi + p2 +^3)^ — 0. In this case (6.15) reads: 



Aq — )■ ^r;r^4^4 + finite 
As 



k = 2: {pi + P2) = 2pip2 — ^ 0, pi -|- p2 7^ 0. In this case (6.15) reads: 



— )■ ^:;2"^3^5 + finite = finite. 

12 



P. 



(6.20) 



(6.21) 



The latter case is supposed to give a finite result since amplitudes with an odd number 
of legs vanish. We checked that (6.20,6.21) are indeed satisfied for the amplitudes Aq^ 
and Aq^ given in (6.10). 

What are the implications of the pole structure of Aq^, Aq^ on the functions /^''(A)? 
First note that (6.3) 



^4i/)(Al, . . . , A4) 



(24) 
(13) 



^40(Al, . . . , A4) — ±A40(Ai, . . . , A4) 



(6.22) 



because pi + ps = —p2 — Pi and thus (13)^ = (24)^, therefore the sign depends on A^. 
This implies that in the three-particle factorization limit 



±Resp2^=o^6 



(6.23) 



^''We thank Yu-tin Huang for pointing our attention to this second case. 

^^For the two six-point amplitudes we computed (6.10), there is no sum over internal particles. 
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Comparing this to (6.11) shows that either f~^{X) or /^(A) does not contribute to the 
factorization hmit. Note that this is consistent with Appendix E, where the superanalog 
of (6.15) is worked out. In the three-particle factorization hmit, only one of the basic 
R-symmetry invariants S^{<y), survives. 

To finish this section, we comment on the limit of three momenta becoming collinear. 
This kinematical configuration is nothing but the intersection of the two limits considered 
above. If we first take the sum of three momenta to be on-shell and further restrict to 
the configuration where these three momenta become collinear we obtain 

I n 9 q 4 ^ fi^ -44(l,2,3,A)i4(A,4,5,6) ipis (12) t . . , . c . . 
^(1, 2, 3, 4, 5, 6) (i2)^ + (23)2 + (i3p ' (1^^4(4, 5, 6, A), (6.24) 

where Pfg ~ (12)^ + (23)^ + (13)^. Hence, the (12)-2 divergence in (6.20) becomes (12)-^ 
because ^4(1, 2, 3, A) goes to zero as in (6.18). On the other hand we could start from 
the two-particle collinear limit (6.21) and see that the finite part on the right hand side 
diverges as (12) ~^ if the third particle becomes collinear to the (already collinear) first 
two particles (cf. Figure 2). 

Note in particular the difference to A/" = 4 SYM theory, where the two-particle 
factorization limit already results in a pole proportional to a non-vanishing lower-point 
scattering amplitude. Furthermore the two-particle factorization and the two-particle 
collinear limit are equivalent as opposed to the limits for three particles relevant for 
AT = 6 SCS theory. 



7 Integrability alias Yangian Invariance 

In this section, we show that the four- and six-point scattering amplitudes of A^ = 6 
SCS theory given above are invariant under a Yangian symmetry. In the following, 
we will refer to the local Lie algebra representation of osp(6|4) given in Section 4 as 
the level-zero symmetry with generators Za \ e.g. *p — t- ^^^^K Based on this level-zero 
symmetry, we will construct a level-one symmetry with generators using a method 
due to Drinfel'd |24|: We bilocally compose two level-zero generators forming a level-one 
generator and neglect possible additional local contributions. This results in the bilocal 
structure of the level-one generators that also appear in the context of A/" = 4 SYM 
theory, see e.g. |34,25|. Up to additional constraints in form of the Serre relations, the 
closure of level-zero and level-one generators then forms the Yangian algebra. Note in 
particular that, while the dual superconformal symmetry in A/" = 4 SYM theory was very 
helpful for identifying the Yangian symmetry on scattering amplitudes |17|, it is not a 
necessary ingredient for constructing a Yangian. 

To be precise, a Yangian superalgebra is given by a set of level-zero and level-one 
generators ^ and Z^'^ obeying the (graded) commutation relations 

[51°^^^} = /-/^f ' = U'^?^ (7-1) 
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as well as the Serre relation^ 



= ^(-l)'^"'^'+'^""'/«pV/3.^/7/r'^^{5A,5;.,X]. (7.2) 

Here, h is a. convention dependent constant corresponding to the quantum deformation 
(in the sense of quantum groups) of the level-zero algebra. The symbol |a| denotes the 
GraBmann degree of the generator and {.,.,.] represents the graded totally sym- 
metric product of three generators. Given invariance under and Za\ successive 
commutation of the level-zero and level-one generators then implies an infinite set of 
generators. 

In the case at hand the level-zero generators can be identified with the stan- 
dard osp(6|4) generators defined in Section 4, where indices a, (3, . . . label the different 
generators. We define the level-one generators by the bilocal composition 

l<j<i<n 

The definition (7.3) implies that the level-one generators transform in the adjoint of the 
level-zero symmetry (7.1). Note that in contrast to the local level-zero symmetry, these 
bilocal generators incorporate a notion of ordered sites. Also note that (7.3) singles out 
two "boundary legs" (1 and n in this case), while in the amplitudes An all legs are on 
an equal footing. It was demonstrated in |17| that for osp(2A; + 2\2k) this definition of 
the Yangian is still compatible with the cyclicity of the scattering amplitudes. That is 
to say, [Za \ U] vanishes on the amplitudes An, where U is the site-shift operator. 

In explicitly determining the Yangian for osp(6|4), we follow the lines of |17|, where 
similar computations were performed for psu(2,2|4). To evaluate (7.3), we require the 
structure constants fap'^ of osp(6|4) that can be easily read off from the commutation 
relations in Section 4, In order to raise or lower their indices we also need the metric 
associated with the algebra whose explicit form is given in Appendix F , That the Yangian 
indeed satisfies the Serre relations (7.2) is shown further below. 

We want to show Yangian invariance of the four- and six-point scattering amplitudes. 
In order to do so, we need to compute only one level-one generator ■* by means of (7.3). 
All other level-one generators can be obtained by commutation with level- zero generators 
of the 05p(6|4) algebra (7.1). Hence invariance under all other level-one generators 
follows from the algebra provided we have shown invariance under the level- zero algebra 
as well as under one level-one generator. The former was done above, the latter will be 
demonstrated here. We will therefore only compute the simplest generator and 
show invariance of the scattering amplitudes under this generator. As demonstrated 
more explicitly in Appendix G, the level-one generator reads 

^(i)a. ^ 1 J2 (nf ^('^^nf ^ - 2)f j)) , (7.4) 

j<i 

""^^Note that there is a second set of Serre relations that for finite-dimensional semi-simple Lie algebras 
follows from (7.2), see |35 . 
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after we have changed the basis of generators for convenience by combining the dilatation 
and Lorentz generator into 

= + (7.5) 

Yangian Invariance of the Four-Point Amplitude. We now check that the four- 
point scattering amplitude introduced in Section 6 

A = 5 {P)6 (Q)/(A) = ^^2) (41) = - (23) (34) ^^'^^ 

is annihilated by the Yangian level-one generator given in (7.4). To this end we 

make use of 

da[Q) = da[P) = 2A,^^, diASiQ) = Xi (7.7) 

such that plugging in the explicit form of the generators straightforwardly yields the 
action of on in the following form 

j<i 

= '^5iP)5{Q)J2{-¥-^''^''{erse''K^du + l5'^^)f{\) - (z ^ j))- (7-8) 



Using the different expressions in (7.6) we can rewrite /(A) in the form of 

1/1 1 \ 



•^^^^ 2 V (12) (41) (23) (34) J ^^'^^ 
which yields the following derivative with respect to one of the spinors: 

1 / K+i 



duf(X) = Est- , , - , , /(A). (7.10) 

Now we make use of this property of the function /(A). First of all defining the quantity 

Ur = e''Kd^tf{>^), (7.11) 
we find that for all j, the symmetric part U^^^^ = U-"'^^ satisfies (here n = 4) 

V f/"^ = - ' f7 12) 

ijt,''^' 2l^(,,, + l) (n,n + l);' ^'-''^ 

where we have used momentum conservation P""^ = 0. This implies that U^^^^ does not 
contribute to (7.8), 

E^-^.^Xm. = 0- (7.13) 
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Hence, in (7.8) only the antisymmetric piece f/asym,?. = survives and can be shown 
to take the form 

f/rsW = ^'^V(A). (7.14) 

Thus the four-point scattering amphtude is invariant under the action of the level-one 
generator ^Wab._ 

^(^^'^^ = l5iP)6iQ) ''^'(15,") - '^5f)fi\) - (^ o j)) = 0. (7.15) 

j<i 

As indicated above, invariance of A4 under all other level-one generators follows from 
the algebra and hence the four-point scattering amplitude is Yangian invariant. 

An n-point Invariant of Note that the proof of *P*^^)-invariance of the four- 

point scattering amplitude is based on the property (7.10) of the function /(A). Hence 
we can build an n-point invariant of the level-one generator 

Bn = 5\P)5\Q)f{\), (7.16) 

where the only constraint on /(A) is given by (7.10). In particular, this holds for the 
choice ^ 

^^^^ ^ v/(12)(23)...(nl)- ^^-^^^ 

The GraBmann degree of however, is too low for being invariant under the level-zero 
u(l) R-symmetry (5.6), and thus i3„ cannot be an invariant of the whole Yangian. 

Yangian Invariance of the Six-Point Amplitude. The six-point superamplitude 
was introduced in (6.5) 

A = 5\P)5%Q){r{\)5\a) + r{\)5\P)) , (7.18) 

with /^(A) as defined in (6.10). We will show that in fact each part of this scattering 
amplitude 

At = 6'{P) S%Q)r{X) 6'{a), A, = 6'{P) 6\Q)riX) 6%P), (7.19) 

is separately invariant under Yangian symmetry. Demonstrating this for A^, invariance 
of Aq follows by interchanging +, — and a, (3 in the following calculation. 
In the above paragraph we have seen that 

^Wabjg = *p(l)'^^53.pN 1 _ 0. (7.20) 

^ ' ^ V(12)(23)...(61) ^ ' 

Since ^^^^ is a first order differential operator up to constant terms, we can factor out the 
invariant Bq in the invariance equation for the six-point amplitude in order to simplify 
the calculation 

^(i)ab^+ _ ggfp{i)'^^>/+(A) 53(a) + /+(A) 53(a)vp(i)«f'i3g. (7.21) 
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Here, of course, the second term vanishes. We have defined 

/+(A) = v/(12)(23)...(61)/+(A), (7.22) 
and have to drop constant terms in ^^^^ since they are used up for the invariance of Bq. 



{l)ab 



{l)ab\ 



I constants dropped 



(7.23) 



Now we rewrite (7.2T) as 

B,^^'^^'ri\)S%a) = li36X;(Al"A;)(r/fa,«- Ap,,) - ^ j)'^ (7.24) 

After expanding rji in terms of a, (3, Q and Y (5.13) and using 

6 



0, 



(7.25) 



k=l 



which follows from (5.10), this yields a differential equation for the function /"""(A) in 
(7.18) 



j<i 



a!"A? ( 3x, X 



rS'ia) = 0. 
(7.26) 

We have evaluated this equation symbolically using explicit solutions of (5.10,5.11) for 
the coordinates x^ as well as the explicit form of /"*" given in (6.10). Plugging in specific 
numerical momentum configurations then shows that (7.26) is indeed satisfied. Hence, 
both summands of the six-point scattering amplitude A, and A, are independently 
invariant under the level-one generator ^^^^ and thereby, as argued above, under the 
whole Yangian algebra. Note in particular that both A"^ as well as (7.26) are independent 
of the choice of coordinates x^. 



The Serre Relations. In this paragraph we show that the Serre relations are indeed 
satisfied for the Yangian generators defined above. We do not try to prove the relations 
by brute force but first analyze their actual content, cf. also |24,35,36|. This leads to 
helpful insights simplifying the application to the case at hand. 

The Yangian algebra Y{q) of some finite dimensional semi-simple Lie algebra q (here 
05p(6|4)) is an associative Hopf algebra generated by the elements J7'i°'' and Ja^^ trans- 
forming in the adjoint representation of J^^^\ 

[Ji'\ J-^] = ^/S'^] = U'Ji''^- (7-27) 

In all other parts of this paper we do not distinguish between the abstract algebra 
elements J7 and their representation ^. For the purposes of this paragraph, however, it 
seems reasonable to make this distinction. Making contact to the paragraphs above, we 
note that defining a representation p of the Yangian algebra Y{q), we have 

p : F(0) ^ End(V), p{J^'^) = p{J^'^) = Z'~''> ■ (7.28) 
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The level-zero and level-one generators are promoted to tensor product operators of 
Y{q) Y{q) by means of the Hopf algebra coproduct defined by 

= ® 1 + 1 ® Ji'\ (7.29) 
AiJi^y) = J-i^) ® 1 + 1 ® + ^//^ ® . (7.30) 

For consistency of the Yangian, the coproduct has to be an algebra homomorphism, i.e. 

Ai[X,y]) = [A{X),A{y)] (7.31) 

for any X, y in 1^(0). This equation trivially holds for A", 3^ being J'a^\ jj^"* and for 
y being J'i"^ J^^\ The case 

A{[J^\jl^'^]) = [AJ^\Ajj,\ (7.32) 

however, is not automatically satisfied and will lead to the Serre relations. We will now 
derive a rather simple criterion for (7.32) to be satisfied by a specific representation. In 
particular, this criterion will be satisfied by the Yangian representation of osp(6|4) given 
above. 

First of all note that both sides of (7.32) are contained in the asymmetric part of the 
tensor product of the adjoint representation with itself. We decompose this as^^j 

(Adj ® Adj)^'^^ = Adj © X, (7.33) 

which defines the representation X (not containing the adjoint). The adjoint component 
of (7.32) defines the coproduct for the level-two Yangian generators. The Serre relations 
imply the vanishing of the X component of the equation. For seeing this, one can expand 
the right hand side of (7.32) using (7.30), and project out the adjoint component. As 
shown explicitly in Appendix H, this yields an equation of the form 

= A{K^p^) - K^p^ ® 1 - 1 ® K^p^. (7.34) 

The Serre relations then are nothing but Kap-y = 0, or more explicitly 

\n-W \n-W 7(0)11 I r ^(1) r 7(1) 7(0)11 , r 7(1) \ Ml) 7(0)11 

= ^/^pV/^.^A/r'^^I^T'f .J/'i^Ui"^}- (7.35) 

It is very important to note that only the X component of {JT", JT", J} contributes to the 
right hand side of these equations, cf. Appendix H. This will be useful in the following. 

It is standard knowledge (cf. also Appendix H) that one can construct a representation 
of the Yangian algebra starting from certain representations of the following form: 

^(^(o))^^(o)^ p(j7«) = 0, (7.36) 

^^This is a standard property of all finite-dimensional semi-simple Lie algebras. 
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where 5^°-* is a representation of the level-zero part. The representations Z^^^ for which 
this construction is consistent with (7.31) are singled out by the Serre relations. In the 
language of the present paper, p is nothing but (4.13,7.3) for one site, i.e. n = 1. For the 
representation (7.36), the Serre relations boil down to the vanishing of the right hand 
side of (7.35). As we have seen that the Serre relations are the result of a projection 
onto the representation X, this is equivalent to 

WJ'\^?}1, = 0. (7.37) 

By repeated application of the coproduct to the generators, the representation p is lifted 
to a non-trivial representation of the Yangian algebra. The consistency of the construc- 
tion is ensured by the homomorphicity of the coproduct (7.32). The form (4.13,7.3) for 
generic n follows from this construction. 

In the following we explicitly show that (7.37) is satisfied for the singleton represen- 
tation of osp{2k\2i) relevant to this paper, cf. (4. 12, A. 14). Let us start with the case 
k = or i = 0. As demonstrated in Appendix A, the representation we are using is the 
superanalog of the spinor representation of so(2fc) and the metaplectic representation of 
5p(2£).i4 

Consider the decomposition (7.33) of the antisymmetric part of the tensor product 
of two adjoint representations: 



g— traceless 



Bp{2i) : (m ® m)--- = m © (7.38) 

where g and Q are the relevant symmetric and symplectic form, respectively. Note that 
the second contribution in these two cases corresponds to what was called X above. 
As explained in detail in Appendix A, the generators of the spinor and metaplectic 
representations acting on one site take the form 

r^-~[f,7^], (7.39) 

respectively, where 

{Y,i'} = 9'\ [e,e] = ^''- (7.40) 

This means that for any product of the generators (7.39) the symmetrized (/-traceless 
or antisymmetrized fi-traceless part in two indices vanishes, respectively. Hence, in 
particular the quantity evaluated for (7.39) cannot contain the representation 

X defined in equation (7.38). In full detail: 

so{2k): {Tii^Tfcz^^mn| decomposes into 

sp{2£): {S'\ S""""} decomposes into © 9m (7.41) 

^^The treatment generalizes to so{2k + 1). 



© 20 
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Thus the right hand side of (7.35) vanishes for these two cases. 

For the generahzation to the super case osp{2k\2i), notice that the two equations in 
(7.38) are related to each other by flipping the tableaux. They generalize to 

0Bp{2k\2i): (B«)B)'''"= B ® 

where in the tableaux for superalgebras, symmetrization and antisymmetrization are 
graded. Symmetrization in the tableaux by convention is defined as (anti) symmetrization 
in the [sp) so indices. Antisymmetrization is defined analogously. The form Q is 
composed of the metric g and the symplectic form Q, cf. Appendix A, The equations 
(7.39.7.4 0) generalize to 

[0^, e^} = g^^ , j^^ ~ {o^, o^] . (7.43) 

The right hand side of (7.35) generalizes to the graded totally symmetrized product of 
three generators. It contains only the representations 

osp{2k\2i) : {Z''a\^f\^^°^] decomposes into 

in particular it does not contain the representation X. This proves the Serre relations. 

Note that only the last part of this proof used the explicit choice of the algebra and 
form of the representation. Hence, adapting these last steps might help to prove the 
Serre relations for different algebras and representations. 

Note on the Determination of Amplitudes. As shown in Section 5, all n-point 
05p(6|4) invariants are given by (5.31) 

K 

In = 5\P) 5\Q) fn,kWFn,k , (7.45) 

k=l 

where S^{Q)Fn^k is a linear basis of R-symmetry invariants, that is F„ ^ are homogeneous 
polynomials of degree 3{n — 4)/2 of the Grafimann variables aj, f3j, . . . , a„_4, /3„_4 such 
that (5.22) is satisfied. As is explained in Appendix B, the number K of R-symmetry 
invariants is given by the number of singlets in the representation (4 © 4)®("-4)_ 

Assuming that invariance under the Yangian algebra not only holds for the 4- and 
6-point amplitudes, but for all tree-level amplitudes, one can ask to what extent the 
amplitudes are constrained by Yangian symmetry. Before addressing this question for 
the general ri-point case, let us summarize the cases n = 4 and n = 6. After imposing 
Poincare invariance, the K functions fn,k{^) a priori depend on 2n — 6 kinematical 
invariants, cf. Section 2, Further requiring dilatation invariance reduces this number to 
2n — 7. Hence for four points, there remains only one functional degree of freedom. Since 
there are no fermionic variables a, /3 in this case, S-invariance (5.29) is automatically 
satisfied. Invariance under ^^^^ (7.4) imposes one first-order differential equation on /(A) 
and thus completely constrains the four-point superamplitude up to an overall constant. 



, , , (7.42) 



© 2B, (7.44) 
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n 


fH-symm. 
invariants 


Relevant 
so(n — 4) 


Irreducible rep. 
of so(n — 4) 


Invariants /„ 




4 


1 




/ 


/(A) 


/ 


6 


m 


so(2) ~ u(l) 


_i_ 


/^(A)5(/3) 


/ 


8 


-TT 


50 (4) 


2x1 
2x6 




? 


10 


-' \LKV\ 


50(6) 


8x6 
6 X 20 




? 












? 



Table 2: Summary of the basic R-symmetry invariants and the freedom in the 
definition of the fermionic variables aj, f3j (5.8). n is the number of legs. so(n— 4) 
is the relevant freedom (B.7). The Yangian invariants In = S"^ {P) 6^ {Q) In are 
also invariant under this so(n — 4) freedom, deg x R means that the so(n — 4) 
representation R appears de*/ times among the R-symmetry invariants. The 
index r labels this multiplicity, the indices T,k,v are so(n — 4) fundamental 
indices. 



In the case of six points, f~^{\) and /^(A) (6.5) depend on 2n — 7 = 5 parameters. Both 
S- and *p'^^''-invariance impose one differential equation on each /"*" and /~ (6.7,7.26) 
without mixing the two functions. Thus after satisfying these equations, three of the 
functional degrees of freedom of and /~ remain undetermined, and they constitute 
two independent Yangian invariants. 

For general number of points n, the S-invariance equation (5.29) expands to 

K An~4.)/2 . 

eX = S%P)S%Q)J2[ E H^J+f^J^^)-dafnA^)Pn,k + fnA^)B^FnA, (7.46) 
k=l ^ J=l ^ 

where is a first-order differential operator in the fermionic variables aj, (3j. Since 
the Fn^k are independent as functions of aj, f3j, also all elements of {a^F^^^, f^^Fn^k} are 
independent (but some of them might vanish). Thus expanding (7.46) in the fermionic 
variables yields at most n — 4 first-order differential equations for each of the functions 
/n,fc(A). From the term J2k BaFn,k it might yield additional equations which only depend 
on the coordinates Xj that define aj,[5j. Given that the Xj only parametrize a change 
of basis in the fermionic variables, assuming that there exists an invariant J„ already 
implies that these additional equations can be solved by some choice of Xj . Furthermore 
requiring Yangian invariance, i.e. invariance under (7.4), yields another first-order 
differential equation for each function /n,/c(A): 

= 5\P) 5\Q) J] ((C'"Vn,fc(A))F„,fc + /.,fc(A)D'^Xfc) , (7.47) 
k=i ^ ^ 
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where C"^'' is a first-order differential operator in Aj, while is a first-order differential 
operator in aj, f3j. Again, the term J2k D'^^F^^k niight yield additional equations which 
are solved by some Xj, assuming existence of an invariant. In conclusion, there remain 
at least {2n — 7) — {n — A) — l = n — A functional degrees of freedom for each function 

/n,A:(-^)- 

While for six-point functions, the two basic R-symmetry invariants do not mix under 
the S- and ^^^^-invariance equations, for higher number of points the mixing problem 
is less trivial. Nevertheless, an analysis of the relevant freedom (B.7) suggests that the 
mixing should take place (at most) among the so(6)i? singlets contained in the same 
so(n — 4)reievant multiplct (scc Table 2 and Appendix B for details). This point deserves 
further investigations. 

The above analysis shows that the invariant (7.45) and thus the n-point amplitude 
cannot be uniquely determined by Yangian symmetry as constructed in Section 7, More- 
over, Yangian invariance not only leaves constant coefficients but functional degrees of 
freedom undetermined. As in the case of A/" = 4 SYM |18, 19|, in order to fully determine 
the amplitudes, symmetry constraints have to be supplemented by further requirements. 
First of all, the color-ordered super amplitude An must be invariant under shifts of its 
arguments by two sites. This is a strong requirement that has not been included in the 
analysis above. Furthermore, one can require analyticity properties such as the behavior 
of the amplitudes in collinear or more general multiparticle factorization limits. 

8 Conclusions and Outlook 

In this paper we have determined symmetry constraints on tree-level scattering ampli- 
tudes in A^ = 6 SCS theory. Supplemented by Feynman diagram calculations, explicit 
solutions to these constraints, namely the four- and six-point superamplitudes of this 
theory were given. Most notably we have shown that these scattering amplitudes are 
invariant under a Yangian symmetry constructed from the level- zero osp(6|4) symmetry 
of the theory. 

In order to deal with supersymmetric scattering amplitudes, we have set up an on- 
shell superspace formulation for A/" = 6 SCS theory. This formulation is similar to the 
one for A/" = 4 SYM theory, but contains two superfields corresponding to particles and 
anti-particles. Furthermore one of the superfields is fermionic. The realization of the 
osp(6|4) algebra on superspace was used to determine constraints on n-point invariants 
under this symmetry. In the case at hand, introducing a new basis {aj, f3j, Y, Q} for the 
fermionic superspace coordinates seems very helpful in order to find symmetry invariants. 
In particular it simplifies the invariance conditions for amplitudes with few numbers 
of points. We have demonstrated that the determination of symmetry invariants can 
be reduced to finding so (6) singlets plus solving a set of linear first-order differential 
equations. 

In four dimensions, helicity is a very helpful quantum number for classifying scattering 
amplitudes according to their complexity (MHV, NMHV, etc.). In three dimensions, 
however, the little group of massless particles does not allow for such a quantum number, 
and thus a similar classification seems not possible. Furthermore, only the four-point 
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Figure 3: The symmetry generators of osp(6|4) (Ihs) and psu(2,2|4) (rhs). In 
psu(2, 2|4) the generators can be arranged according to their hyper- and dilatation 
charge. Similarly, we can arrange the generators of osp(6|4) if we replace the 
hypercharge by a u(l) R-symmetry charge. In = 4 SYM theory, the dual or 
level-one Yangian generators ^^^^ and O^^^ were identified with the generators 
6^"^ and respectively. The picture on the left suggests a similar dualization 
for A/" = 6 SCS theory incorporating the R-symmetry. 

amplitude in A/" = 6 SCS theory is of similar simplicity as MHV amplitudes in A/" = 4 
SYM theory. The six-point amplitude determined in this paper is already of higher degree 
in the fermionic superspace coordinates than the four-point amplitude. Its complexity is 
comparable with that of the six-point NMHV amplitude in A/" = 4 SYM theory. Except 
for the four-point case, there are no simple (MHV-type) scattering amplitudes, but the 
amplitude's complexity increases with the number of scattered particles. In terms of 
complexity, the n-point amplitude in A/" = 6 SCS theory seems to be comparable to the 
most complicated, i.e. N'^"~''^/^MHV amplitude in A/" = 4 SYM theory. 

We have checked that the six-point amplitudes consistently factorize into two four- 
point amplitudes when the sum of three external momenta becomes on-shell. The two- 
particle factorization limit on the other hand results in a product of scattering amplitudes 
with an odd number of external legs which vanish in A/" = 6 SCS theory. This is an 
important difference to A^ = 4 SYM theory, where the two-particle collinear limit results 
in non-vanishing lower point amplitudes. In particular, this was used to relate A/" = 4 
SYM scattering amplitudes with different numbers of external legs. Symmetry plus 
the collinear behavior seem to completely fix all tree-level amplitudes in A^ = 4 SYM 
theory |18, 19|. Note that similar arguments for A/" = 6 SCS theory would have to make 
use of a three-particle factorization or collinear limit (which are not equivalent). 

In |18|, this relation of different J\f = 4 SYM scattering amplitudes in the collinear 
limit was implemented into the representation of the psu(2,2|4) symmetry on the scat- 
tering amplitudes. This implementation makes use of the so-called holomorphic anomaly 
26 1 , which originates in the fact that four-dimensional massless momenta factorize into 
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complex conjugate spinors (p4d = AA). In three dimensions, on the other hand, massless 
momenta are determined by a single real spinor {p^^ = AA) which does not allow for a 
holomorphic anomaly. Hence, a straightforward generalization of the symmetry relation 
between amplitudes in the collinear or factorization limit to A/" = 6 SCS theory is not 
obvious. It lacks a source for a similar anomaly as in the four-dimensional case. 

In = 4 SYM theory, studying the duality between scattering amplitudes and 
Wilson loops revealed a dual superconformal symmetry. The presence of this extra 
symmetry then lead to the finding of Yangian symmetry of the scattering amplitudes. 
Even more, the dual symmetry was identified with the level-one Yangian generators 
17|. Though in A/" = 6 SCS theory a similar extra symmetry is not known, there is a 
straightforward way to construct level-one generators from the local osp(6|4) symmetry 
yielding a Yangian algebra. We showed that the four- and six-point tree-level amplitudes 
of A/" = 6 SCS theory are indeed invariant under this Yangian algebra, and that the 
Yangian generators obey the Serre relations, which ensures that the Yangian algebra is 
consistent. 

The fact that A/" = 6 SCS theory in the planar limit gains extra symmetries in the 
form of integrability seems to be related to special properties of the underlying symmetry 
algebra osp(6|4), namely the vanishing of the quadratic Casimir in the adjoint represen- 
tation (see also |37|). It is interesting to notice that, while in the four- dimensional case 
the algebra with this special property is the maximal superconformal algebra p5u(2, 2|4), 
in three dimensions it is not the maximal superconformal algebra osp(8|4), but 05p(6|4) 
that has this special property. 

Our findings point towards further investigations. Among others, one should consider 
the AdS/CFT dual of A/" = 6 SCS theory, since in A/" = 4 SYM theory the comparison 
with results from AdSs x S^ strings has been extremely useful. The dual superconformal 
symmetry of scattering amplitudes in A^ = 4 SYM theory can be traced back to a T-self- 
duality of the AdSs x S^ background of the dual string theory |13,14|. Such a duality 
seems not to be admitted by AdS4 x CP^, the string theory background corresponding 
to A/" = 6 SCS theory |23|. Can this problem be reconsidered? 

In their search for a T-dualization, the authors of |23| assume that the dualization 
does not involve the CP'^ coordinates. On the other hand, the structure of the osp(6|4) 
algebra seems to call for a T-dualization of 3 + 3 bosonic and 6 fermionic coordinates dual 
to the generators H"^} (cf. Fi gure 3). The contributions to the dilaton shift 

coming from bosonic and fermionic dualization seem to cancel out. However, this formal 
T-duality is not compatible with the reality conditions of the coordinates; still it seems 
worthwhile to investigate it further. The problem with T-dualizing the coordinates of 
CP^ appears to be connected to the lack of a definition of S{R) in our setup. 

Other hints for rephrasing the Yangian symmetry in terms of some dual symmetry 
could come form perturbative computations in A^ = 6 SCS. In particular, the IR di- 
vergences for scattering amplitudes could possibly be mapped to the UV divergences 
of some other object (maybe a Wilson loop in higher dimensions). Any results in this 

^^The T-duality we arc proposing is very similar to another formal T-duality noticed in section (3.1) 
of 1 13 . In that case one T-dualizes the coordinates dual to {^"^"^jDV^ ,0"'' ,£r°'Y Here, the indices 
r, r' correspond to the breaking su(4) r — > su(2) x su(2). This version of the T-duality has not been used 
so far. 
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direction might also shed hght on the duahty between non-MHV amphtudes and Wilson 
loops in A/" = 4 SYM theory, since the amplitudes in A/" = 6 SCS theory are very similar 
to those. A starting point for the investigation of Wilson loops in A/" = 6 SCS was set in 
the very recent work |38|. 

There are many more open questions and directions for further study. They comprise 
the extension of our results to higher point amplitudes, their extension to loop-level and 
in particular the understanding of corresponding quantities in the AdS/CFT dual of 
the three-dimensional gauge theory. One of the most interesting problems seems to be 
whether one can find a systematic way to determine (tree-level) scattering amplitudes in 
Af = 6 SCS theory. An apparent ansatz would be an adaption of the BCFW recursion 
relations |39| of A/" = 4 SYM theory. This problem is currently under investigation. 

Recently, a remarkable generating functional for A/" = 4 SYM scattering amplitudes 
was proposed |40|. The functional takes the form of a GraBmannian integral that repro- 
duces different contributions to scattering amplitudes. These contributions have been 
shown to be (cyclic by construction) Yangian invariants |41|. It would be interesting to 
investigate whether an analogous formula exists for the three-dimensional case studied 
in this paper. The (S) Clifford realization presented in Appendix A could play a similar 
role for osp(2A; + 2\2k) as the twistorial realizations plays in the case of p5u{m\m) . 
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A From (S) Clifford algebra to Spinor/Metaplectic 
representations 

In this appendix we want to stress that the singleton representation of 05p(6|4) we 
are using in this paper (see Section 4) is nothing but the natural generalization^^ of 
the familiar spinor representation of so{2k). Moreover we will emphasize some special 
properties of this realization that makes the Yangian generators defined in Section 7] 
satisfy the Serre relations (7.2). 

Let us first review the familiar so{2k) case. It is well-known that if one has a repre- 
sentation of the Clifford algebra: 




. . 2k, then the objects 



(A.l) 



(A.2) 



(A.3) 



16 



See also |42| for osp(A/'|4) and |43 for sp(2^). 
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where the dots mean: Add three more terms such that the symmetry properties of the 
indices are the same as on the right hand side. The reahzation (A. 2) still does not 
look like the R-symmetry generators in (4.12). To obtain (4.12) from (A. 2) one has to 
choose an embedding of u{k) into so{2k) and define creation/annihilation type fermionic 
variables 



^t^g^'A-^, = si , At^g'^Af = , A-^,g'^A-^^ = 0, (A.5) 



where A = 1, ... k is a u{k) index and A^^,Ay^, have to satisfy 



in order that r^^, satisfy canonical anticommutation relations. More explicitly, the 
R-symmetry generators in (4.12) are related to the ones in (A. 2) via 

<yi^B ^ j^+Aj^+Bj.ij ^ ^ ^+^^^ .r^-, A-^.A-^^rr (A.6) 

The realization one obtains in this way is not irreducible, but splits into two irreducible 
representations (with opposite chirality). Indeed, the full space of functions (necessarily 
polynomials) of the variables i]^ splits into two spaces: one made of polynomials with 
only even powers of rj^, the other with only odd powers of rj^. None of the generators 
in (4.12) connects the two. 

This construction works in the very same way for sp(2£), the main difference is that in 
this case the representation one obtains is infinite-dimensional. This representation is the 
direct analog of the spinor representation and is usually called metaplectic representation. 
If one starts with a representation of the algebra: 

[e,e] =^'' (A.7) 

for a given anti-symmetric (non-degenerate) form then the objects 

s'^-{e,e} (A.8) 

satisfy the sp{2i) algebra commutation relations 

[S'^,S''^] ^Q^'^S'^ + ... (A.9) 

where again the dots mean: Add three more terms such that the symmetry properties 
of the indices are the same as on the right hand side. As before, one has to choose an 
embedding of u{i) into sp(2£) and define creation/annihilation type bosonic variables 

where a = 1, . . . is a u(£) index and B^j have to satisfy 

Bt'^n^^B^^ = 5^ , Bf^n^^Bl' = , B-p'^B^^ = (A.ll) 
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in order that A**, satisfy canonical commutation relations. More explicitly, the bosonic 
generators in (4.12,7.5) are related to the ones in (A. 8) via 

~ Bf'Bl'S'^ , 2)^ ~ Bt''B;^S'\ ~ B-,B,^S'^ . (A.12) 

Let us stress that at the group level spinor and metaplectic representations are rep- 
resentations of Spin(2A;), Mt(2£), respectively, which are the double covers of S0(2/c), 
Sp(2^). 

All this easily generalizes to 03p{2k\2i) algebras. If one starts with objects satisfying 

[0-^,0^} =^-^6, (A.13) 

where A, B label the 2A; + 2£-dimensional fundamental representation of osp{2k\2£), then 

J-^^~ {0-^,0^] , (A.14) 

satisfy 05p{2k\2i) algebra commutation relations. After choosing an embedding of u{k\i) 
into 05p{2k\2i), one obtains oscillator type realizations, like the one in (4.12) . 

B so (6) Invariants 

In this appendix we will study the problem of determining invariants under the following 
realization of so (6): 



p 



j=i 



j=i 



where af^Pf are anticommuting fermionic variables and A^B are SU{?>) indices, p is 
some integer, it is related to the number n of amplitude legs as 2p = n — 4. This 
realization is completely equivalent to the following one: 

^^' = J2ptp^, (B.4) 

1=1 
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where pi are linearly related to af,/3f, the map between p and a, (3 is parametrized by 
a 0{2p) freedom. Notice that this last realization makes sense also for odd 2p. 

All the generators written above are invariant under 0(2p) rotations among the family 
indices. In the following we will refer to this group as dual. 0(2p)duai rotation symmetry 
is manifest in the form of the generators written in terms of p^ as a rotation of the 
indices l. On the generators written in terms of a, (3 0(2p)duai acts in the following way 

ai^Sfaj, /3'^{S-%^', U{p), d.o.f. 

ai^ai + nu^P' , (3' + ni'aj, ^^^^ , v{v - I) d.o.f. 

U[p) 

P'^a:, Z2~J^^, (B.7) 

where Vt^^ = -Vt^^ . The Za is the conjugation of 5u(p) (outer automorphism). Notice 
that we raised the family index of /3, we have to do this in order to interpret the family 
index as a u(p) index. 

In the following, we will show how the so (6) invariants can be obtained and classified. 
Since the description in terms of a, /3 is equivalent (for integer p) to the one in terms of 
p, we will switch between the two depending on convenience. 

It is instructive to first study the case 2p = 1. This case obviously makes sense only 
in the p realization. In this case the full fermionic Fock space is 2^ = 8-dimensional and 
split into 4 © 4 representations of so (6). The two correspond to even or odd functions 
(just polynomials up to degree 3) in p, respectively. 

Let us now consider the next case: p = 1. The study of this case is particularly 
transparent in terms of a, (3. To classify the states it is useful to introduce an extra 
operator g 

This operator is central with respect to so (6) and is nothing but the generator of the 
previously mentioned dual so(2p)|p=i ~ u(l). In this case the full Fock space is 2^ = 64 
dimensional, it decomposes into irreducible representations of so (6) as 

(4 © If = I3 © 62 © 15i © lOo © fOo © 15-1 , ©6_2 © 1-3 (B.9) 

where the subscript refers to the charge under g (B.8). This decomposition is concretely 
realized by the solutions to the equation 

DIab I State) = -^—^\ State) = . (B. 10) 

We can be more explicit and show how these states look like in the space of GraBmann 
variables a^,f3^. For clarity we also explicitly write down the decomposition under 
S0{6) SUiS). 

• I3 1 : eABcC^'^ct^ct'^, 

• 62 — i- 3 © 3 : eABCd^Ci'^ + descendants. 
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• I5i-^3©8©1©3: + descendants, 

• 10o->l©3©6: 1 + descendants, 

• fOo ^ 6 © 3 © 1 : + descendants, 

• 15i^3©8©l©3: + descendants, 

• 62 — !■ 3 © 3 : ^ABcP^ P'^ + descendants, 
. I3 ^ 1 : 

where descendants means obtained acting with 9^"^-^. 
We will now consider the case p = 2, namely 

(4©4)\ (B.ll) 

We can just take the expression (B.9) and square it. We will not write down the whole 
tensor product decomposition, but just list the singlets. One can easily check that there 
are 12 singlets coming from 15±i ® 15±i, 6±2 © 6±2, 1±3 ® 1±3, where the signs have to be 
considered independently; and two further singlets are contained in IOq © IOq (2 times). 
For convenience we will list the explicit expressions of the singlets: 

• 15±i © 15±i contains 4 singlets: 

eABGeBFca^^tti^/Sf^af "2^/3^^ ("1 ^ l^i) and/or (0:2 ^ /32)- (B.12) 

• 6-1-2 ® 6-1-2 contains 4 singlets: 

eABC7e^^^afafez)FGafa^ei?H//32^/32, (" ^ P) and/or (1 ^ 2). (B.13) 

• 1-1-3 © 1-1-3 contains 4 singlets: 

^ABcotiOtiOiieDEFOi2 ofaf, (tti ^ Pi) and/or (a2 <H- 132). (B.14) 

• lOo © lOo contains 2 singlets: 

eACDeBEPa^Pfa^a^P^P^, (1^2). (B.15) 

A question one can ask is how these singlets transform among themselves under the 
so(2p)|p=2 = 5o(4)duai transformations. This question can be answered noticing that the 
quantities 

(no sum over /), are nothing but the Cartan generators of the 5o(4)duai5 and these singlets 
are indeed labeled by ((71, (72). 
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The so(4)duai transformation properties of the singlets can also be obtained consid- 
ering where the singlets come from in 

(4©4)\ (B.17) 

The so(4)duai acts as a rotation of the four factors (4 © 4) in the fourfold tensor product 
above. Keeping in mind that a tensor product of fundamental with nj antifundamental 
can contain singlets only if n4 — = O(mod 4), it is easy to see that singlets can only 
come from 

• 4(8)4(8)4(8) 4: 1 singlet under 5o(6)fH, singlet also under so(4)duai, 

• 4(8)4(8)4(8)4: 1 singlet under so(6)fR, singlet also under so(4)duab 

• 4(8)4(8)4(8) 4: 2 singlets under so(6)fH x 6 under so(4)duai, 

in the last line the combinatorial factor = 6 corresponding to the possible ways of 
choosing two 4 and two 4 in (B.17), is also the dimension of the 5o(4)duai representation 
under which these (so(6)fH) singlets transform. 
The cases p = 3 

(4 ©4)% (B.18) 

can be considered analogously giving 

• 4©4(8)4(8)4©4©4: 4 singlets under so(6)fK x 6 under so(6)duai, 

• 4©4©4©4©4©4: 4 singlets under so(6)fH x 6 under so(6)duai, 

• 4©4©4©4©4©4: 6 singlets under so (6)^ x 20 under so (6) dual, 

where again the combinatorial factors (^) = 6, (g) = 20 are also the dimensions of the 
50 (6) dual representations. 

The general p > 3 cases can be studied similarly. 



C Determinability of the Six-Point Superamplitude 

This appendix is devoted to the study of the invertibility of equation (6.10). More 
precisely, we will show under which conditions one can solve (6.10) for f± in terms of 
the component amplitudes Aq^, Aq^. This is an important step, as the determination 
of the six-point superamplitude, and, thus the determination of all six-point component 
amplitudes relies on it. Let us define the following quantities 

/AJ Af xf\ 

A(±),,, = A| A| x| . (C.l) 

\Afc A^ Xj. / 

D± = det (A(±),,fc) , D± = det {A{±)jj-,) , (C.2) 
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for some fixed i ^ j ^ k, and let j, fc} = {1, . . . , 6} \ {z, j, k} as a set. Equation (6.10) 
can be inverted iff 

DlDl-DlD%^Q. (C.3) 

Using A" • = 0, ■ A" = 0, ■ = 0, a;"*" ■ x~ = 1, one can show, performing matrix 
multiplication, that 

A^(±),,fcA(±),,fc = -A^{^^j,A{^^^ , (C.4) 

where T means transposition. These two equations imply respectively that 

Dl = -Dl ^ D± = is±D± , (C.6) 

D+D^ + D+D^ = det ((p, + + p,)"'') , (C.7) 
where s± are undetermined signs. Using (C.6), (C.7) can be rewritten as 

D+D^ (1 - s+s_) = det {{p^+p,+PkT') . (C.8) 

Since for generic momentum configurations {pi+Pj+PkY is not vanishing, it follows that 
s+ = s, s_ = —s for some sign s. This shows that, for generic momentum configurations, 
(C.3) holds, indeed 

DlDl-DlDl = i{s+-s_)DlDl = 2isDIdI = j det {{Pi + Pj + PkT''f ^0. (C.9) 

To summarize, the quantities D±, D± are not independent. Given {pi + pj +PkY, they 
are determined up to a sign s and a single function (which is a phase once we impose 
the correct reality conditions). This freedom corresponds to the 0(n — 4)|„=6 = 0(2) 
relevant freedom in the choice of mentioned in Section |5| The sign is 0(2) /SO (2), 
and corresponds to exchanging x~^ and x~; the freedom that remains, 
corresponds to the S0(2) ~ U(l) freedom of rescaling — S'^^/^x^. 



D Two Component Amplitude Calculations 

In the following, the amplitudes between six scalars and between six fermions are com- 
puted. As discussed in section Section 6, these two amplitudes uniquely determine the 
six-point superamplitude. For simplicity, consider only (anti)particles of the same fiavor; 
set 

= 0\ = 04, i^ = ^4, ^P=i'^. (D.l) 

The action of A/" = 6 superconformal Chern-Simons theory is = A;/47r J d^x C. Ne- 
glecting terms that are irrelevant for the two specific amplitudes we are interested in, 
the Lagrangian reads (see e.g. |2,44,5|) 



C = Ti 
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Figure 4: Diagram A, which contributes to the six-fermion ampHtude. 
Blue/dashed Hnes represent fundamental color contractions, red/solid lines rep- 
resent antifundamental ones. When color-stripped, the left diagram gives (D.6), 
and the right diagram equals the left one up to a relabeling of the external legs. 



The gauge fields A^, transform in (ad, 1), (1, ad) representations of the gauge group. 
The covariant derivative acts on fields x ^ {'Pi ^}) X ^ {0; "^j ^ 

Df,X = d^x + A^X - xK ' = dfiX + Kx - X^f. , ^ab = (^ahD^i ■ (D-3) 

The Feynman rules can be straightforwardly derived from C, using the Faddeev-Popov 
regularization for the gauge field propagators. 



Six-Fermion Amplitude. The tree-level amplitude 

can be color-ordered (3.4). The color-ordered amplitude Aq^{Xi, . . . , Xq) contains all 



contributions in which the fields ipi 



, ipQ are cyclically connected by color contractions. 



A :— (Ai, . . . , Xq) 



(D.5) 



Two kinematically different diagrams contribute to Aq^{X), see Figures 4,5, Diagram 
A (left in Figure 4) evaluates tc^ 



A 



6i/>,Al 



,6) 



3 (12)(34)(56)2 

((1^5611) - (2|p56|2))((5|p3|6) - (5|p4|6)) - {(1,2) ^ (3,4)}] , (D.6) 
where A{ki, . . . ,kQ) := A{Xk^, . . . , A^g), and for any momenta qi, . 



,qk 



\(lk\j) ■= K^abq'^iecd ■ ■ ■ Sefql'^eghXj . 



(D.7) 



The overall constant Cq shall be left undetermined. Diagram B (left in Figure 5) readi 

•(13)(64)(l|p23|4) 
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A, 



6ip,B 



;i,...,6)=2C6 



(12)(45)p?23 



+ {1 ^ 2} + {4 ^ 5} + {l ^ 2,4 4^ 5} 



(D.8) 



i^Define p]^ 
i^Here, := 



-PabP''\ i.e. p?23 = -(12)' - (13)2 - (23)2. 
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Figure 5: Diagram B, wiiicti contributes to the six-fermion amplitude. When 
color-stripped, the left diagram gives (D.8), and the other two diagrams equal 
the left one up to relabelings of the external legs. 



The total color-ordered amplitude is a sum over all relabelings of the diagrams in Fig- 
ures 4,5 that respect the color structure (D.5). The result is 

A^^il, . . . , 6) = + A6^,a(1, 2, 3, 4, 5, 6) + A6^,a(1, 6, 5, 4, 3, 2) 
-f A6^,b(1, 2, 3, 4, 5, 6) - A6^,b(6, 5, 4, 3, 2, 1) 

+ A6^,b(1, 2, 3, 6, 5, 4) + A6^,b(3, 2, 1,4, 5, 6) + {two cyclic} . (D.9) 

Here, "two cyclic" stands for two repetitions of all previous terms with the relabelings 
Afe — > Afc+2, Afc — )■ Aa:+4 (mod 6) applied. Using Schouten's identity and various relations 
following from momentum conservation (P = 0), this can be simplified tc^ 

^6^,(1,..., 6) =C6- 

-Klbabsll) + |(2b4b6|2) - (3b2b5,-6|3) ^(2^3,-4^234^5,-611) 
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{( 



(12) (34) (56) (34)(56)pi34 

(1 |P6 |P6,-1,2 b345 b3,-4,5 |p3 |4) + ( 1 \p2 1^6,-1,2 1^345 1^3,-4,5 |P5 14) 



(6|pi|2)(3|p4|5);)i 



612 



-{shift by one} 

+ {two cyclic} , 
(D.IO) 



where "shift by one" means the relabeling — > A^+i (mod 6). 



Six-Scalar Amplitude. Again the color-ordered amplitude Aq^{\i, . . . , Aq) contains 
all contributions in which the fields 0i, . . . , 06 are cyclically connected by color contrac- 
tions, 

ie^ := i6(0i;||, 02B2, 03 J, 04B4) (I^^X^'^&bI) ^t^k ■= 0(Afc) 

= . . . + A,^{X) Spil6fl6il6fl6il + ..., A := {X„ . . . , Ag) . (D.ll) 

The color-ordered amplitude receives contributions from three kinematically different 
diagrams. Two of them are the diagrams A and B, Figures 4,5, with all fermion lines 
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'P3.±k,... -^Pj ±Pk 
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Figure 6: Diagram C that contributes to the six-scalar amphtude. Again, 
blue/dashed hnes represent fundamental color contractions, red/solid lines rep- 
resent antifundamental ones. When color-stripped, the left diagram gives (D.14), 
and the other two diagrams equal the left one up to relabelings of the external 
legs. 



replaced by scalar lines. The scalar version of diagram A (left in Figure 4) reads 

4Cr 1 / \ 

A<^,a(1, . . . , 6) = --i^^-^^-^ (^(I|p6|2)(3b5|4) - {5 ^ 6}) , (D.12) 

while the scalar version of diagram B (left in Figure 5) is 

, fil-or (ib3|2)(4b6|5) 

A further contribution comes from diagram C, see Figure 6, It evaluates to 

A n f^^ or (16) (25) + (15) (26) 

A6,,c(l, . . . , 6) = -2C, ^^^p^ . (D.14) 

Again, the total color-ordered amplitude is a sum over all relabelings of these diagrams 
that respect the color structure. The sum of all contributions is 

Ae^l, . . . , 6) = + A6</,,a(1, 2, 3, 4, 5, 6) + A6<^,a(1, 6, 5, 4, 3, 2) 
+ A6^,b(1, 2, 3, 4, 5, 6) + A6^,b(6, 5, 4, 3, 2, 1) 

- A6<^,b(1, 2, 3, 6, 5, 4) - A6^,b(3, 2, 1, 4, 5, 6) 
+ A6</,,c(l, 2, 3, 4, 5, 6) + A6</,,c(3, 2, 1, 6, 5, 4) 

- 2A6^,c(l, 2, 3, 6, 5, 4) + {two cyclic} . (D.15) 

This can be simplified to 

(3b5blb6|p2|p4|3) + (14)2(2|p3b6b5|2) 



(lb2|P3|P4|P5|P6|l) 



, ^ J (16) (35) (24) -1(13) (56) (24) + (16) (23) (45) ^ j5\p,\6){3\p,\A) , ^ ^.^^ ^ 

+ ^ ' mmw) (34)(56),L + ^^'^'^ 

/26)(35)((16)2(34)2 + (12)2(45)2)\ , , 
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E Factorization of the Six-Point Superamplitude 

Consider the quantity: 

[ S'AA^iAi,A2,A3j)^Aii±tA,A^,A5,Ae), (E.l) 

J -'13 

where A = (A", r]^) and the result doesn't depend on the choice of sign ± . The integra- 
tion can be trivially performed because of the delta functions using: 

J 56 (Qf + r) V) <5'(Qf - = ^\Qi" + Q2") ^'(eabQf (E.2) 

and 



ci2A(5=^(Pf + rA^)(53(Pf -rA'')F(A) = 5\P^' + P^") 5{Pl) (F(A) + F(-A)) (E.3) 



3 / TDoh I jDO.b\ 



where on the right hand side A is the solution to the equation A'^A^ = P|^*. Reminding 
that (6.2) 

2, 3, 4) = S^P) S%Q)fi\,, A2, A3, A4) , (E.4) 
and using the properties of /(A), we obtain: 



P'. 



, 6iP^,) 6'iP) 6'ieatQtf>^')fiXu A2, A3, A)/(±d, A4, A5, Ag) . (E.5) 
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This can be rewritten as 



,6{P?,)6'{P)6'{Q)6'{a)r{X) 



(E.6) 
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which equals Aq in the limit Pfg 0, cf. Section 6j 

F The Metric of os^i(6|4) 



Introducing matrices {E^ 



5**5Bi with 



a,b, A, B, . . . , the fundamental rep- 



resentation M of osp(6|4) consisting of (4|6) x (4|6) matrices can be written as 











Q'^A 


QaA 


] 






f 






E-A 


-E'^A 


M 








&aA 








Eab + E},a 


Eb'' + ^6^1 


EaA 


-EaA 










^AB 










Ea"" 


-Eac 


E^b 


-C'B — ^ B 






\ &aA 




^y^AB 


9\^B 


) 








-Ea" 


Eac 


P -4 T^A 
^B — ^ B 


Eb^ 



For the Lorentz generator for instance, this equation is to be understood as 

/ E\ - \5tl 



' ^ + 





V 








\ 





00/ 



(F.l) 



(F.2) 
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where we raise and lower Lorentz indices with e , Sab and have 

— B) , — A) , J^Ac — \^ac^ A) ■ 

Furthermore, the dilatation generator is defined by 











\ 





-¥ 




















V 











The Killing form of 05p(6|4) vanishes. We compute the metric defined by 

Qoc^ = g{Za,Z^) = sIV M[aa]M[a^], 

which obeys 

= = if |a| 7^ 

Here, \a\ denotes the Grafimann degree of the generator 5a- We change 
generators and introduce 

Then the metric has the following non- vanishing components 

^(£}"a,65^) = -g{&b^,£tA) = '25151 

The inverse metric g"^ = g~^{Za,^i3) satisfies 

9a09^^ ^51^ g'^^g Pa- 
lis non- zero components are 

g-\VWd) ^ '^5^A, 
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G The Level-One Generators and O^^) 



aB 



We can use the metric and read off the structure constants from the commutation re- 
lations of osp(6|4) to compute the Yangian level-one generators ^p^^)*^^ and n(^)'^^. Ac- 
cording to (7.3) we have 



j<i 

- f -^--in .^/^/J 77 ^(0)^(0) 

j<i 



+ JSe'^efF 9 9 Uj H 

In order to check consistency, we also determine il^^-*'^'^ : 
- J7/3 9etBQ''^9 9 

j<i 



G 



+ mcD&e'^ 9 9 H-^j 



(G.2) 

One can easily convince oneself that consistently 

{nW'^^,nM = 5^^w". (G.3) 



H The Serre Relations 



In the following, we will show how the homomorphicity condition (7.32) of the coproduct 
( |7.29 ,7.30) leads to the Serre relations (7.35). First, we multiply (7.32) by the algebra 
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structure constants and take cyclic permutations to find 

/^5M([j7-«,:r,(i)]) + cyclic(a,/3,5) = fpi'[A{J^^y),A{J^^^)] + cydic{a,P,5). (H.l) 

It is obvious that (H.l) follows from (7.32); how about the other direction? The answer 
is that (H.l) equals the X component of (7.32) while the adjoint component is projected 
out. The reason for this is rather simple: Equation (7.32) can be written in the form 
fap^Zs + X^p = 0, where X^^ G X and Z5 G Adj (cf. (7.33)). Now showing that (H.l) 
does not contain the adjoint boils down to using the Jacobi identity in the form 

//35Va7' + cyclic(«,/3,5) = 0. (H.2) 

Furthermore that only the adjoint and nothing else is projected out in going from (7.32) 
to (H.l) follows from 

fJ'^U/s^ = Ual3 = fafs'^V^, (H.3) 

for some (or equivalently that the second cohomology of g vanishes). Since X does 
not contain the adjoint, we have separately Xap = and fai3^Zs = 0. The first equation 
will lead to the Serre relations. The second equation represents the definition of the 
coproduct for the level-two generators. 

In order to derive the Serre relations we rewrite the right hand side of (7.32) as 
(cf. 1 36]) 

M'^), a{jP)] =[j-«, j-W] ® 1 + 1 ® [j-w, j-W] 



+ y ® Jf\ Jf^ ® J^'\ (H.4) 

It is rather straightforward to rewrite the last two lines in this equation in the form of 

® jf^ - jf^ ® J?). (H.5) 



Now it is easy to see that (H.5) vanishes due to the Jacobi identity when plugged into 
the right hand side of (H.l). Using the Jacobi identity twice, the contribution to (H.l) 
coming from the second piece (H.6) reads 

y /«pV/3//;.r'^({ J-f , Jf^} ® J^^ + Jl'^ ® {Jf\ Jf^}) + cyclic(a, /3, 7). (H.7) 

Since the coproduct on j'^^^ has the trivial form (7.29) one can rewrite this as^ 

A{S^fi.;) - S,,fi^®\-\® Sa^^, (H.8) 

^"We thank Lucy Gow for discussions on this point and sharing some of her notes with us. 
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where 

Putting everything together (H.l) becomes 

= A{Kap^) - Kai3^ 1 - Ka^^, (H.IO) 

where now 

Ka(Sj = Safs-y ' [jT^^^^ J^i'^] + cychc(a, /3, 7)) • (H.ll) 

A sufficient condition for (H.IO) to be satisfied is KafSj = which, rewriting fafs^>Js^^ = 
[J'a^\ J'p^''], are the well known Serre relations (7.35). One of the reasons for rederiving 
the Serre relations here is to convince the reader and ourselves that only the X component 
of {J^,J^,J^} contributes to the right hand side of (7.35). As we have seen in Section |7| 
this is very useful for proving the Serre relations for specific representations. 

In order to show that the Serre relations are indeed satisfied for a certain represen- 
tation, one can start with the case n = 1, i.e. a representation acting on only one vector 
space and define 

p\n=l{<J^a ~ -^a^ 

p\n=iiJi'^) = 0. (H.12) 

The left hand side of (7.35) vanishes for the one-site representation p\n=i- Assuming 
that also the right hand side of this equation vanishes for the one-site representation, 
one can promote (7.35) from one to n sites. The point is that the coproduct preserves 
the Serre relations, that is if J'^^^ and JT"^^^ satisfy the Serre relations then also A{J'^^^) 
and A{J^^^) do. The reason behind this is an inductive argument. Assuming the Serre 
relations to be satisfied for n sites implies the coproduct to be a homomorphism (7.31) 
for n + 1 sites. Acting with A on (7.35) thus yields the Serre relations for n + 1 sites 
which in turn implies (7.31) for n + 2 sites. This means that the Serre relations will be 
automatically satisfied by the choice (H.12) promoted to n vector spaces by successive 
application of the coproduct. To be explicit, the action on two sites is given by 

pU(z^j-r) = 1 +5f ® 1 = E^J- 

1=1 

pU^,{Aj(^^) = f\Z^^^^Zf = f\ Y: 5!%^ (H.13) 

i<i<«<2 

where we recover the original bilocal form of the level-one generators (7.3). Here, 

p\n=2{A 0B) = {p\n=lA) ® ip\n=lB). (H.14) 

Note that the above analysis is completely independent of the explicit representation 
p. The criterion for any representation to obey the Serre relations is thus the vanishing 
of the right hand side of (7.35) for that specific representation. For showing this, it is 
crucial that the right hand side of (7.35) transforms in the representation X as shown 
above. 
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I Conventions and Identities 



Throughout the article, the spacetime metric is fixed to r/^^ = rifj,^, = diag( — h +). The 
totally antisymmetric tensor e'^'^^ is defined such that £012 = — = 1. 

ei2 = -e'^ = 1. (I.l) 
The relation between spacetime vectors and bispinors is given by 

pab ^ ^^,ybp^ ^ = -l(an^,p->^ , (1.2) 

where a convenient choice for the matrices 

(-r = (~J _l) , i-T=['l ;) , (-r = (; J) • (1-3) 

They obey the following relations: 

= -2^'^'' , (1.4) 

(^ab^fxcd = —^ac^bd — ^ad^bc , (1-5) 

£ liup{<^^) ab{o''^) cd{o'^) ef = ^{^ac^be^df + ^ac^bf^de + ^ad^be^cf + ^ad^bf^ce 

+ £ae£bc£df + £ae£bd£cf + ^af^bc^de + ^af^bd^ce) ■ (1-6) 

The matrices {cr'^Yb = Ebdcr^)"''^ obey the algebra 

{crnMcTn\ = 9^''6\ + e^'"'{a,)\ . (1.7) 
We use (..) and [..] for symmetrization or antisymmetrization of indices, respectively, i.e. 

^{ab) = ^ab + ^ba, X[ab] = ^ab — ^ba- (1-8) 
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